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Multiplication operations in the forms of scalar and vector products have been dealt
with in NCERT textbook for Class XII. In this article, we describe further extension of
products and discuss some examples related to some physical situations and some
specific problems based on these concepts. We close this article by giving some remarks
on crucial concepts of projection and distance between skew lines in vector forms.

1. Introduction For completeness, we elaborate upon scalar triple
product and product of more than two vectors as
In the case of vectors, we find that two these have not been discussed in NCERT

multiplication operations are defined for a pair of textbook.
vectors. One operation called a scalar product

generates a scalar, whereas the other operation
called avector product generates a vector. Let

1.1 Scalar Triple Product

=ai+a,j+tak

a

Expressionsoftheform d@-b-¢, a.b -¢ -d are A
meaningless since the scalar product is only b=bi+b,jtbk
defined between a pair of vectors. The operation E=ci+c,j+ c31€
of division of vectors is not defined. We maywrite  Tpan

Cc
G.5 = ¢, butitisabsurdtowrite @=—or j=<.

b . a 4. 4, a4
Another form of product of two vectors is the
vector product. We denote the vector products - (bxa) = b b, b
of g and p by g x b. With the help of scalar ¢ ¢ c

product and vector product, the mixed product of _ _ _

- , Reader may verify that, using the properties of

theforma- (b x &) become possible. The next ) )
o determinants, we obtain

generalisationis the vector product of more than

two vectors defined in specified way “(bx&) = b-(Exd)=¢-(axb)

Q

asdx(bx&)or(dxb)x¢. or
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[a,b,¢] = [b,é,dl=[¢,d,b]
Geometrically, 1 d- (b x &) 1 gives the volume of a
parallelopiped whose coterminous edges are

represented byvectors g, 5 and ¢ , respectively

(see Fig.1)

]

/

The area of the parallelogram OBCDis| 5 x & |and

S|y

Fig. 1

the direction of j x ¢ isalong s which is normal to
the plane containing ; and ¢ . Let hdenote the
height of the terminal point of vector z above the
parallelogram OBCD. The volume of the
parallelepiped

= h1b x¢ | [height x area of
parallelogram OBCD)

=la-nllbxcl

la-1bxclnal

G- (bx?)l

1.2 Vector Product of More than Two

2 3

Vectors
Let, i = alf+azf+azl€
b =bi+b j+bik
j

|
L

+
EanlY

- C C2

+

¢

o)

Using basic definition of vector product of vectors
and its representation in determinant form, one

canreadily deduce that
ax(bx¢) = (a-¢)b—(a-b)c
Geometrically, j x ¢ is perpendicular to the plane

containing  andé, soax (b x ¢) liesinthe plane

containingp and ¢ .
2. Application in Physical Situations

2.1. Work Done by Force

If force £ acts onabody causing displacement 4
in the direction of force F, then the work done by
the force  is defined as the product of the
distance moved and the component of force in the

direction of the displacement. Hence,

W (workdone) = IFlcosOld |
= IFlidlcos®
= Fd

As W is always positive, so

W= |Ed|
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Example 1: Let the force E of magnitude 5

units be in the direction of 27 -2 + k, force 132 of
magnitude 4 units in the direction of { + 2 + 2k
and force F, of magnitude 3 units in the direction

of 27 + j — 2k actona particle A (6,2, 3)

displacing it to the new position B (9, 7, 5). Find
the work done.

5 .
Solution: Here F g(Zi -2j+k)

4
E = —(+2]+2k)
>3

30 . .
B = S(=2i+j-2k
3

So, the total force acting on the particle A s

F =F+E+

|

3
1. ..

= —[8{ + j+7k]
3

Taking O as fixed point, we can assign position

vector to the point Aas OA = 6 +2j +3k and

position vector of the point B as OB =9 + 77 +5k .

Therefore, displacement d = o _ OA
=37 +5]+2k
Hence work done W = E. d

. . . A
— 8+ j+Tk)- (3T +5]+2k)
3

1
—[24+5+14]
3

43
— units
3

2.2. Moment [torque) of the Force and the
Moment of Momentum

If the force Facts on a point P of the body
through the point whose position vectoris ¥ with
respect to the specified point O as shown in the
Figure 2, then the moment of the force  about
the point O is defined as

M=7xF
A
M=rxF
s——— P
o 7
F
Fig. 2

If £ is identified with momentum mV of the
particle of mass mat P moving with velocity

v then the moment of momentum about the fixed
point O is expressed as:

M = FxmV

= mixV

Itis also called the angular momentum of the
particle about O.
Example 2: Find the torque of a force
represented by 3 + 6] + k about the point O given

that it acts through the point A (-1, 1, 2) relative to
the point O.
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Solution: Here, E=37+6j+% and the position
vector of the point Awith respect to O can be
expressedas 7 = —f + j + 2. Therefore, torque of
the force

M:?Xﬁ

f1-12)= j(-1-6) + k(-6 —3)
“11i +7j - 9%

2.3 Angular Velocity

Consider a point P on the rigid body rotating
about the axis L through the point O with constant
spin @ (angular speed).

Letd represent the position vector of the point P
with respect to 0. Since P travels in a circle of
radius dsine (see Fig.3) having centre at C, the
instaneous linear velocity v along the tangent at P
has its magnitude,

o (dsin®) = | Hxd |

Also v must be perpendicularto both ® andd in
such awaythatd,® and v form a right-handed
system.

Example 3: A body spins about a line through
the origin parallel to the vector 2f — j + £ at

15 rad/s. Find the angular velocity of the body and
alsoinstantaneous linear velocity of a point in the
body with position vectorj + 2 + 3k.

Solution: Angular velocity

Qi=j+k)

Jo

o

15 . . .
- - Qi-j+h
V6

Instantaneous linear velocity

Vo= ®xd
Here, d=1+2]+3k.
Therefore, v = @xd
15

|
—_
LW = =

15 . u N
——[i(3-2)—j(6-1)+k(4+1)]
Jo

5 -
(i -j+k) .

G
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3. Some Specific Problems Based on
Product of Vectors

Problem 1: From a given point and a given
line, how will you determine the perpendicular
distance of the point from the line?.

Problem solving: Let C be the point with
position vector ¢ and A be the point on the line L
with position vector g with reference to the fixed
point O (see Fig.4). Assume that given line L is
parallel to thevector; , sothe equation of the line
L can be expressed as

7= a+ Ab Where lis scalarand 7 is the position
vector of any arbitrary point P (say) on the line L.

c
<
ip
/\".'-
0%
A D P 5
a7
0
Fig. 4

From Fig.4, pis the perpendicular distance from
the given point C to the given line which has to be
determined. From the Fig.

OA +AC = OC

AC = OC-0A

—ad

ol

59

From the triangle ACD, we have
p* = (AC)* - (ADYy

2

e

T ‘XB )

Obviously, AD is the projection of ACon the line L, i.e.,

‘AD‘ =AD = AC cos6

‘m

AC-

S

(¢-a)-b
4

Hence from (1), we have
2
((5 —-a)- 5)
ol /-
Thus, pcan be deduced from the above
expression.

P = (E-a) -

Problem 2: Consider a tetrahedron with faces
F,.F,F,andFLet#,¥, 7 ,andV,bevectors

whose magnitudes are respectively equal to the
areasof I, Fz, F3 and F, and whose directions are
perpendicular to these faces in the outward

direction. Then how to determine v, + v, + v, + 7,7

Problem Solving

Consider the following Fig. 5 representing the
tetrahedron OABC with faces I, Fz, F3 and FA.
Leta, b,¢ representthe position vectors of the

vertices A, Band C, respectively.
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1 -
and 5, = 5{(6—a>x<b—a>}
Again, V,+V, Y, +Y, =

e o a 4
—[axb+bxc+ixa+ixb-cxa-axb]

=0

Problem 3: If a=2i+kb=i+j+k and

¢ = 4i —3j + 7k andthevector 7 satisfies the
relationship7xb = éxb and7-a = 0, then how
to find 77

Problem Solving: Given that,

' Fxb =¢xb
Again, area of - -
= ax(Fxb)y=ax(cxb)
1 —_— —_— . o . —
FW:—‘OAXOB = —|axb| =(@-b)yr —(a-rp
2 2 - ~
=(d-b)c—(a-cb
1= — 1, o PN e e e o
areaof F,= f‘OBxOC‘=—|b><E| =(a-b)r =(a-b)yc—(a-cb
2 2 (Since Fa=0)
11— — 1 =37 =3¢ —
areaof F,= —|OCxOA =7|5><ﬁ| r e —ISb
2 2 =7 = ¢-5b
8j+2k
areaof F = f‘ACxAB‘ (c a)><(b a)‘ J*
. Problem 4: Letp = 4i +3j and ¢ be two
According to the problem b=4i+3j ¢
| vectors perpendicular to each otherin xy-plane.
Vo= ;(5“’) How to determine a vector in the same plane having
projections Tand 2along 4 and ¢, respectively ?
L
V., = — X .
"2 2( ) Problem solving: Let 7 represent the vector
to be determined in the xy-plane containing p
5 = —(@xa) and¢ respectively, i.e., 7 is coplanarwith j and

¢ and hence 7 can be expressed as
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F=Ab+uéforl,m being some scalar.

¢ isthe givenvectorin the same plane so, we can
write ¢ = xi + yj for some scalars xand y.

Since, ¢ andp are perpendicular to each ot‘lser

SO¢-b =0 = 4x+3y =0 which gives y= —gx

(1\ 4’>j
or¢c =X|t=7J
¢ 3

Given that projection of 7 along 4 is 1, i.e.,

(Ab +pué) - b
= |l; =1
= 51=1

1
or 1=—
5

r |E| =2 :>u|c|_ 2
6
or W=
Hence 7 =§(4l+3f)+*(l—*1)
=2i-j

4. Remark’s on Projection and
Distance between Skew-lines

In NCERT textbook, Class XlI, Part I, basic
concept on projection of a vector onaline has
been explained on page 443 and its important
application in finding the distance between the
skew lines in space has also been discussed (see

page 474). These concepts are crucial and are
used in many physical situations besides being
used in the study of vectors and three dimensional
geometry. Therefore, giving more deeper insight
into these concepts as remark’s will supplement
the textual material on these concepts givenin
above cited NCERT textbook.

4.1. Projection of a Vector on a Line

LetL beagivenlineand AB a given directed line
segmentin three-dimensional space. Intuitively, to
make the definition of projection of AB on L, we
erect planes passing through points Aand B
perpendicularto L (see Fig.4). These planes cut
the line LatA"and B', respectively. Thus, we
obtain the directed line segment A'B" which is
called projection of AB onto the line L.

B' fB
é 71>
/
A
A
L
Fig. 6

In Literature, generally projection of a vectoron a
lineis taken in both senses either as a scalaroras
avector. However, projection as a vectoris more
usefulin physical sciences aswell as in engineering.
Let us distinguish between these two projections.



| Quarterly JournallMarch 20M

Consider AB = g and suppose jisalong the line L,

then the projection (as vector) of g on the line L is

)
(a5) ;
- \wa '
Projection (as scalar] of @ on Lis simply
expressed as

Sy

b

: i i’
given by( ;

b

bl

‘wx

a -

Sy

It is interesting to exhibit another way of looking
atthe projection. To thisend, let @ be the given
vector whose projection on the line L is to be
determined.

Letp be the vectoralong the line L determining its
direction and p denote the projection vector of
dontheline L (see Fig.7).

9
a
9
n
il b L
Fig. 7

Clearly, it = d@ - p.
Since p andj, are collinear vectors, so

p = b (lisascalar).

62

Again 7i is perpendicularto p,we must have

n-b=db-\b-b
0 =ab-all
i-b
or L = |5|2'

(a-5) %

Hence, projection vector p = LWJ m

Now, we wish to turn to the problem of finding a
formula for the distance between the two skew
lines. The distance formula has been derived in
NCERT textbook, Class XII, Part Il on page 474,
however, the same is being discussed in more
intuitive way so as to strengthen the
understanding of shortest distance between the
two skew linesin space. Letthe line L, parallel tothe
vectorba1 passing through the point A with position
vector g, andthe other line L, parallel to the vector
];2 and passing through the point A, with position
vectord,. Asthese lines arein space, we can think
of two different planes containing lines L, and L, ,
respectively, as shownin Fig. 8.
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We can find point C, on L, and point C, on L, such
that C,C, is perpendicularto both lines. In fact _
C,C, is the shortest distance between lines L, and distance ‘Cl C,
L, which happens to be the distance between the

two planes containing lines L, and L, ,

respectively.

direction of [;1 XI;Z and hence, shortest

between lines L, and L, is

—_

AA,-b xb,
. x5,

b, x b, is also perpendicular to these two planes, o
. —_— - - . |(52 _al)'(bl sz)|
l.e, C C, and b, x b, are collinear. Thus, we can — E—

o 5, %]

think of C,C, as the projection of,m in the
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